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ABSTRACT

Two studies examined semantic coherence and internal inconsistency fallacies in conditional probability estimation. Problems reflected five
distinct relationships between two sets: identical sets, mutually exclusive sets, subsets, overlapping sets, and independent sets (a special case
of overlapping sets). Participants estimated P(A), P(B), P(A|B), and P(B|A). Inconsistency occurs when this constellation of estimates does not
conform to Bayes’ theorem. Semantic coherence occurs when this constellation of estimates is consistent with the depicted relationship among
sets. Fuzzy-trace theory predicts that people have difficulty with overlapping sets and subsets because they require class-inclusion reasoning.
On these problems, people are vulnerable to denominator neglect, the tendency to ignore relevant denominators, making the gist more difficult
to discern. Independent sets are simplified by the gist understanding that P(A) provides no information about P(B), and thus, P(A|B) = P(A).
The gist for identical sets is that P(A|B) = 1.0, and the gist of mutually exclusive sets is that P(A|B) = 0. In Study 1, identical, mutually
exclusive, and independent sets yielded superior performance (in internal inconsistency and semantic coherence) than subsets and overlapping
sets. For subsets and overlapping sets, interventions clarifying appropriate denominators generally improved semantic coherence and inconsis-
tency, including teaching people to use Euler diagrams, 2� 2 tables, or relative frequencies. In Study 2, with problems about breast cancer and
BRCA mutations, there was a strong correlation between inconsistency in conditional probability estimation and conjunction fallacies of joint
probability estimation, suggesting that similar fallacious reasoning processes produce these errors. Copyright © 2012 John Wiley & Sons, Ltd.
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Recently, there has been renewed interest in Bayesian data
analysis (e.g., Kruschke, 2010) and Bayesian inference (e.g.,
Holyoak & Cheng, 2011), with conditional probability
estimation at the core of Bayesian thinking (e.g., Wolfe &
Fisher, 2010). Conditional probability judgment is important
for several reasons. First, it allows us to manage uncertainty
by updating our beliefs, as new information is acquired.
Second, it allows us to engage in hypothetical, “what if” think-
ing about potential future events. More generally, it helps us
weigh potential risks and rewards under varying circumstances
(Reyna, Nelson, Han, & Dieckmann, 2009). Unfortunately,
people are not particularly good at making conditional
predictions, with, for example, a tendency to inflate conditional
probability estimates (Koriat, Fiedler, & Bjork, 2006).

The quality of probability judgments can be assessed
following two general methods: correspondence and coher-
ence (Hammond, 2000). Correspondence refers to the empiri-
cal accuracy of probability judgments and includes calibration
and accuracy. Koriat et al. (2006) found that people typically
are prone to overstate the likelihood of an outcome given
another stated condition, a finding they attribute to backward
activation. By way of contrast, coherence refers to the mathe-
matical internal consistency of probability judgments. Unlike
joint probability judgment, which uses conjunction and

disjunction fallacies as coherence benchmarks, there are no
corresponding fallacies in conditional probability judgments
based on just a pair of estimates. For example, in the case of
the famous Linda problem (Tversky & Kahneman, 1983), the
conjunction fallacy occurs when Linda is a feminist bank teller
is judged to be more probable than Linda is a bank teller.
However, if the problem is reframed as one of conditional
probabilities, then the probability that she is a feminist given
or assuming that she is a bank teller could mathematically be
anything from 0 to 1. This holds true so long as the probability
Linda is a feminist is greater than 0 and less than 1. A contribu-
tion of the current work is that it allows us to assess fallacious
reasoning on problems of conditional probability estimation.

Traditionally, Bayes’ theorem has served as the standard
coherence benchmark by which conditional probability judg-
ments are evaluated (Barbey, & Sloman, 2007; Kahneman, &
Tversky, 1973). According to Bayes’ theorem, the probability
of a hypothesis “B” given some data “A” is defined by the
following formula:

PðB Aj Þ ¼ P Bð Þ � PðA Bj Þ
P Bð Þ � P A Bj Þ þ P �Bð Þ � P A �Bj Þðð

No single estimate can be considered fallacious in and of itself
in estimating joint probabilities or conditional probabilities.
With joint probabilities, fallacious reasoning can be found
when people estimate both P(A) and P(A and B). With condi-
tional probability estimates, when people are asked to provide
all four estimates of P(A), P(B), P(A|B), and P(B|A), the entire
set of estimates can be evaluated for fallacious reasoning in
the form of internal consistency relative to Bayes’ theorem.
Applying semantic coherence analysis to conditional probabil-
ity allows us to provide more specific constraints based on set
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relations (e.g., subsets versus overlapping sets), rooting out
fallacious reasoning that would not be apparent otherwise.

Conversely, a constellation of estimates — P(A), P(B), P(A|
B), and P(B|A) — can be broadly consistent with Bayes’
theorem and, at the same time, not semantically coherent. To
illustrate, consider the following probability judgments regard-
ing the probability that a woman named “Anna”, who has a
BRCA genetic mutation, will develop breast cancer some
time during her lifetime, and the two conditional probabilities:
P(Breast Cancer) = .30, P(BRCA+)= .30, P(Breast Cancer|
BRCA+)=1.0, and P(BRCA+|Breast Cancer) = 1.0. Although
this constellation of four judgments conforms to Bayes’
theorem, it reflects the incorrect belief that all breast cancer
is caused by BRCA genetic mutations, and all BRCA muta-
tions produce breast cancer (Reyna & Mills, 2007a). In other
words, it is consistent with the belief that the set of women
with BRCA mutations and the set of women who will
develop breast cancer are the same identical set of people.
However, this set of estimates is not coherent with the
empirically correct relationship, overlapping sets, because in
actuality, some women with BRCA mutations develop breast
cancer and others do not, and some women with breast
cancer have BRCAmutations and others do not. Thus, seman-
tic coherence analysis can provide insights into conditional
probability judgments that extend beyond Bayesian consis-
tency. In this way, we can investigate conditional probability
judgments using two benchmarks by extending the concept
of semantic coherence and internal inconsistency from joint
probability judgment, as first described by Wolfe and Reyna
(2010a,b), to conditional probability judgments.

When people estimate the probability of two events,
and their respective conditional probabilities, there are five
qualitatively different relationships between the two sets:
identical sets, mutually exclusive sets, subsets, overlapping
sets, and independent sets (a special case of overlapping sets).
Any constellation of judgments that does not match one of
these patterns is inconsistent with Bayes’ theorem. We have
already seen an incorrect example of identical sets earlier. As
an example of mutually exclusive sets, consider a political
commentator’s probability judgments for the winner of a local
election: P(Smith) = .40, P(Jones) = .60, P(Smith|Jones) = 0,
and P(Jones|Smith) = 0. This constellation of estimates is
semantically coherent with respect to mutually exclusive
sets. By definition, mutually exclusive events cannot occur
together, and this implies that both conditional probabilities
must equal 0 and the sum of the component probabilities
cannot exceed 1.00. Inmore general terms, semantic coherence
for mutually exclusive sets is defined as P(A) +P(B)≤ 1.00,
P(A)> 0, P(B)> 0, and P(B|A) = P(A|B) = 0 (Fisher & Wolfe,
2011). Note that P(A) and P(B) are constrained to be greater
than 0 because it is impossible to interpret a constellation
of estimates when each estimate equals 0. For subsets, a
gardening example is that someone might estimate the
probability that Brenda is growing roses and flowers as
P(roses) = .20, P(flowers) = .80, P(roses|flowers) = .25, and
P(flowers|roses) = 1.0. In general terms, semantic coherence
for subsets (such that A is a subset of B) is defined as
0< P(A)< P(B), P(B|A) = 1.00, and P(A|B) = P(A)/P(B)
(Fisher & Wolfe, 2011).

As an example of overlapping sets, again consider the
probability that Anna has a BRCA mutation and that she will
develop breast cancer some time during her lifetime. The
following estimates are semantically coherent with respect
to overlapping sets: P(breast cancer) = .12, P(BRCA+)= .01,
P(breast cancer|BRCA+) = .60, and P(BRCA+|breast
cancer) = .05. With overlapping sets such as these, P(A) and
P(B) contain some information about one another, but that
information is incomplete or imperfect. Thus, knowing that
Anna has a BRCA mutation increases the likelihood that she
will develop breast cancer, and knowing that she has
breast cancer increases the probability that she has a BRCA
mutation, but neither conditional probability estimate rises to
the level of certainty. In general terms, semantic coherence
for overlapping sets occurs when P(B|A) can be inferred
from the other three estimates based on Bayes’ theorem but
does not match any of the previously mentioned patterns
(Fisher & Wolfe, 2011).

Independent sets are a special case of overlapping sets in
which the occurrence of one event provides no additional
information regarding the other event. In other words, the
relationship between both events is random or orthogonal. As
an example of independent sets, consider the relationship
between a coin landing heads up and whether it will rain on a
given day. In order to be semantically coherent with respect
to independent sets, it must be the case that P(rain) = P(Rain|
Heads) and P(Heads) = P(Heads|Rain). In more general
terms, semantic coherence for independent sets is defined
as P(A) =P(A|B)> 0 and P(B) = P(B|A)> 0 (Fisher &
Wolfe, 2011).

The logic of assessing conditional probability estimates
for internal inconsistency and semantic coherence stands
independent of any particular theoretical orientation. However,
our understanding of the cognitive processes that produce
these estimates, and interventions to improve performance, is
based on fuzzy-trace theory (FTT). FTT (Brainerd & Reyna,
1990; Reyna, 2008; Reyna & Brainerd, 1995; Wolfe & Reyna,
2010b) is a dual-process approach to judgment and decision
making (Barbey & Sloman, 2007; Kahneman, 2011; Reyna,
2004; Sloman, 1996). From this perspective, people are
characterized as mainly relying on gist processing (although
they engage in verbatim processing in parallel with gist).
FTT uses the word gist much as it is used in everyday speech
to mean the essential bottom-line meaning. When people
process information, global gist-like patterns are encoded
along with more precise verbatim representations of informa-
tion to create multiple fuzzy-to-verbatim mental representa-
tions. That is, individuals simultaneously hold multiple
representations of events in memory, with gist and verbatim
representations being the two poles of vague meaning (gist)
versus precise surface detail (verbatim).

According to FTT, one source of errors in conditional prob-
ability estimation is denominator neglect— behaving as if one
is ignoring the marginal totals (denominators) in a 2� 2 table
(Wolfe, 1995; Garcia-Retamero, Galesic, & Gigerenzer,
2010: Reyna & Brainerd, 2008). Denominator neglect can take
the form of comparing numerators while ignoring relevant
denominators or attending to convenient but inappropriate
denominators. Denominator neglect “simplifies the equation”
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and reduces cognitive load, but it can also lead to systematic
errors such as ignoring relevant base rates (Wolfe, 1995), com-
mitting logical fallacies of conjunction and disjunction (Wolfe
& Reyna 2010b), or confusing the conditional probability P(A|
B) with P(B|A) (Reyna, 2004). Reyna and Brainerd (1993, p.
28) observed that people “often base probability judgments
on comparisons between numerators and, thereby, avoid hav-
ing to keep track of the relationship between those numerators
and the denominators in which they are included.”

Some fallacies have been described as class-inclusion illu-
sions. These “illusions” generally occur when nested classes
of events produce processing interference, when a salient gist
compels strong intuitions (e.g., Linda the feminist bank teller),
and when these strong intuitions are not inhibited by other
processes (see Reyna & Brainerd, 2008). Denominator
neglect thus explains a host of fallacies and biases such as
conversion errors in conditional probability judgments, that
is, confusing P(A|B) with P(B|A) because only the denomina-
tors differ (e.g., Reyna, 2004; Reyna, Lloyd, & Whalen, 2001;
Wolfe, 1995).

Following FTT, we predict that estimating conditional
probabilities will be even more difficult than estimating joint
probabilities because such estimates require reasoning about
overlapping and hierarchically nested sets (creating class-
inclusion confusions). We also predict that people will be
sensitive to the semantic content of conditional probability
problems, with subsets and overlapping sets being particularly
difficult. Taking a Bayesian approach, conditional probabilities
for overlapping sets, and subsets requires division because in
each case, one class or event contains partial information
about the other. We predict that interventions that draw
attention to the appropriate denominators for these hierarchi-
cally nested categories will improve semantic coherence and
internal inconsistency, including teaching people to use Euler
diagrams, 2� 2 tables, or relative frequencies. However,
FTT does not predict any particular advantage for frequencies
per se when they are not confounded by class-inclusion
manipulations (Reyna & Mills, 2007b).

Developing interventions to improve performance on each
type of conditional probability estimation problem poses
challenges identified by FTT. Performance on some kinds of
problems may be addressed by simple gist-based heuristics,
whereas others require attention to specific verbatim details.
Conditional probability problems involving independent sets
are simplified by the bottom-line understanding that P(A)
provides no information about P(B), and thus, P(A|B) = P(A).
The appropriate gist of conditional probabilities for identical
sets is that P(A|B) = 1.0, and the gist of mutually exclusive
sets is that P(A|B) = 0. However, to achieve semantic
coherence on problems depicting overlapping sets, one must
recognize that P(A) and P(B) provide limited but useful infor-
mation about the conditional probabilities and reason with
the specific details that P(A|B) = P(A and B)/P(B) and that
P(B|A) = P(A and B)/P(A). In the case where A is a subset of
B, onemay have the intuition (gist) that P(B|A) = 1.0; however,
to achieve semantic coherence, one must also reason with
the information that P(A|B) = P(A and B)/P(B). A conundrum
identified by FTT is that interventions that improve perfor-
mance by helping people reason about four discrete

categories for overlapping sets and three discrete categories
for subsets may actually undermine gist-based performance
on easier types of problems. Thus, we predict an interaction
between intervention and problem type such that interventions
that improve performance with subsets and overlapping
sets will be ineffective or actually undermine performance on
problems depicting identical sets, mutually exclusive sets,
and independent sets.

We conducted two studies about semantic coherence and
internal inconsistency in conditional probability estimation.
The basic procedure used in the first study was to present
participants with a number of problems depicting identical
sets, mutually exclusive sets, subsets, overlapping sets, and
independent sets. These problems were all pilot tested to
ensure that participants’ beliefs about the relationships
among sets were consistent with the problem materials and
most have been used in previously published research (Wolfe
& Reyna, 2010b). For each problem, participants were asked
to make four estimates, P(A), P(B), P(A|B), and P(B|A), with
all estimates being collected on a single page or computer
screen. The constellation of these four estimates was
scrutinized for semantic coherence by using the formulae
and procedures described by Fisher and Wolfe (2011). In
the first experiment, participants were randomly assigned
to a control group or one of three experimental groups
with the experimental groups receiving a training interven-
tion motivated by FTT. Thus, this experiment included
between-subjects comparisons among interventions and
controls and within-subjects comparisons among types of
conditional probability estimation problems. The second study
examined the relationship between two types of fallacious
reasoning, internal inconsistency on conditional probability
estimation problems, and conjunction fallacies on joint
probability estimation problems. In the second study, all
problems depicted overlapping sets.

STUDY 1: INDIVIDUAL TUTORING WITH EULER
DIAGRAMS, 2� 2 TABLES, AND FREQUENCIES

The purpose of this experiment was to provide participants
with in-depth tutorials addressing both the representation
of problems in terms of nested sets and estimation processes
based upon those representations. We provided individual-
ized tutoring for participants by using three tutoring inter-
ventions that draw attention to the appropriate denominators
for hierarchically nested categories and taught participants
how to use those representations in the process of making
conditional probability estimates. FTT predicts that teach-
ing people to use Euler diagrams, 2� 2 tables, or relative
frequencies will improve semantic coherence and internal
inconsistency. Galesic, Garcia-Retamero and Gigerenzer
(2009; Garcia-Retamero et al., 2010) replicated this effect;
showing participants icons depicting relative frequencies
(in addition to numerical information) focused participants’
attention on the relevant denominators and helped them
make more accurate assessments of conditional probabilities
related to risk reduction (e.g., see Lloyd & Reyna, 2001;
Reyna & Adam, 2003; Reyna & Mills, 2007a,b). These
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improvements were found for both high numeracy and low
numeracy participants. FTT makes similar predictions;
however, FTT does not predict any particular advantage for
frequencies per se (Reyna & Mills, 2007a,b), and Euler dia-
grams are likely to be a better basis for an intervention because
they highlight the gist of qualitative relations for four discrete
categories used in estimating conditional probabilities.

We predicted differences among problem types, with
subsets and overlapping sets producing the lowest levels of
semantic coherence and the highest levels of inconsistent
responding, and identical sets, mutually exclusive sets, and
independent sets producing the highest levels of semantic
coherence and the lowest levels of inconsistent responding.
We also predicted that individualized tutoring interventions
using 2� 2 tables, Euler diagrams, and frequencies would
increase semantic coherence and reduce inconsistent respond-
ing with problems depicting subsets and overlapping sets,
relative to a no intervention control. However, we predicted
that the interventions would impair performance on problems
depicting identical sets, mutually exclusive sets, and indepen-
dent sets. Although bringing attention to appropriate denomi-
nators may be helpful, attention to all four qualitative relations
in problem elements used in conditional probability estimation
is predicted to hurt gist-based heuristic performance on
these easier problems. To illustrate, the gist understanding of
independent sets is that in estimating P(A|B), one can ignore
P(B), and thus, P(A|B) = P(A). Thus, working through the
algebraic manipulations of the elements of Bayes’ theorem
with terms such as P(A|�B), for example, would be counter-
productive for problems depicting independent sets.

Materials
There were four conditions: one control without a tutorial and
three experimental conditions featuring tutorials based on
Euler diagrams, 2� 2 tables, or poker chips representing
frequencies. Each tutorial described the logic of its respective
intervention in general terms for each of the five set relation-
ships. Two practice problems depicting overlapping sets were
included with each using a scenario. Figure 1 depicts part of
the intervention with 2� 2 tables. Here, participants are taught
to calculate the probability of A given B as the probability of A
and B divided by the probability of B. Figure 2 depicts part of
the intervention using Euler diagrams. Here, the size of the
circles corresponds to the probability of events A and B, and

the relationship between those events is represented by the
amount of overlap. The frequency tutorial used poker chips
to represent frequencies, rather than the icon displays with dots
used by Galesic et al. (2009; Garcia-Retamero, Galesic &
Gigerenzer, 2010) or the 100-square grid used by Lloyd and
Reyna (2001). Each chip was equivalent to 5 out of 100
chances, resulting in two sets of 20 colored poker chips —
one set for each of the two events to be estimated. Multiples
of five were chosen because using two sets of 100 poker chips
would require considerable time and effort to count and
manipulate, and previous research indicates that probability
judgments typically occur in multiples of five (see Ni & Zhou,
2005 for one account of the origins and implications of the
whole number bias). Joint probabilities were represented by
stacking chips of one kind on top of those of another (e.g.,
three red chips on top of five blue chips).

Method
A total of 100 Miami University students participated individ-
ually in exchange for partial course credit. Participants were
randomly assigned to one of three tutorial interventions or a
control group that received no intervention. Control partici-
pants individually sat at the table with the experimenter and
completed the two practice problems without guidance from
the experimenter before proceeding directly to the conditional
probability estimation tasks. Participants in the intervention
conditions individually received one-on-one instruction from
the experimenter. Participants read along as the experimenter
read the tutorial aloud, and the experimenter stopped periodi-
cally to clarify any questions the participants might have.
Throughout the tutorial, both the experimenter and the partici-
pant used the respective interventions to demonstrate its use in
aiding conditional probability judgment. In particular, the
2� 2 tables were completed using pen and paper, the Euler
diagrams were drawn and labeled by hand, and the poker chips
were manually selected and arranged.

Next, participants completed two practice problems
depicting overlapping sets. On the first practice problem, the
experimenter worked through the example, explaining each
step in the process. On the second practice problem, the
participant worked through the problem with the guidance
and support of the experimenter. Thereafter, the experimenter
occasionally answered questions in a general way but did not
provide any further assistance. Participants continued to use
the respective interventions by either completing 2� 2 tables,Figure 1. Portion of the 2� 2 table intervention

Figure 2. Portion of the Euler diagram intervention

Journal of Behavioral Decision Making

Copyright © 2012 John Wiley & Sons, Ltd. J. Behav. Dec. Making (2012)

DOI: 10.1002/bdm



drawling Euler diagrams, or selecting poker chips. All partici-
pants had access to a calculator, pencil, and paper throughout
the entire experiment. Although paper, pencil, and calculators
were available to the control participants, none were observed
using them.

Results
There were striking differences among problem types. Exam-
ining the results for control group participants in Table 1, for
problems depicting overlapping sets, 66% of the responses
were inconsistent, and none of the responses exhibited
semantic coherence. For subsets problems, about 71% of the
responses were inconsistent, and about 10% of the responses
exhibited semantic coherence. Conversely, for problems
depicting identical sets, mutually exclusive sets, and indepen-
dent sets, less than one-third of responses were inconsistent,
and at least 66% demonstrated semantic coherence.

We conducted an analysis of variance, and as predicted,
there was a significant effect for condition on problems depict-
ing overlapping sets for inconsistency and semantic coherence
(Table 1). For inconsistency, F(3, 96) = 4.52, p< .005, and
Dunnett’s Critical Difference test reveals that both the Euler
diagram and relative frequencies poker chips interventions
significantly reduced inconsistency, p< .05. There was also a
significant effect for condition on problems depicting overlap-
ping sets for semantic coherence, F(3, 96) = 10.59, p< .0001,
and Dunnett’s Critical Difference test indicates that all three
interventions significantly increased semantic coherence. As
predicted, the results were comparable for problems depicting
subsets (Table 1). For inconsistency, F(3, 96) = 5.44, p< .002,
and Dunnett’s Critical Difference test reveals that all three
interventions significantly reduced inconsistency on subsets
problems, p< .05. For semantic coherence on problems
depicting subsets, F(3, 96) = 3.21, p< .03, and Dunnett’s
Critical Difference test indicates the Euler diagram interven-
tion significantly increased semantic coherence, p< .05.

As predicted, the results were strikingly different for
problems depicting identical sets, mutually exclusive sets,
and independent sets (Table 1). Starting with identical sets,
there were no significant effects for the interventions in
terms of inconsistency. For semantic coherence, there was
a significant effect on problems depicting identical sets,
F(3, 96) = 7.54, p< .0001. However, Dunnett’s Critical Differ-
ence test indicates that the 2� 2 table intervention actually
reduced semantic coherence on identical sets problems from
84% to 48% of response sets, p< .05. The same pattern of

results was observed on problems depictingmutually exclusive
sets. Specifically, there were no significant effects on inconsis-
tency for the interventions. For semantic coherence, there was
a significant effect on problems depicting mutually exclusive
sets, F(3, 96) = 6.75, p< .0004. Dunnett’s Critical Difference
test indicates that the 2� 2 table intervention reduced,
rather than increased, semantic coherence on mutually exclu-
sive sets problems, p< .05. Finally, for problems depicting
independent sets, there were no significant effects on inconsis-
tency for the interventions. For semantic coherence, there
was a significant effect on problems depicting independent
sets, F(3, 96) = 6.96, p< .0001. Again, Dunnett’s Critical
Difference test indicates that the Euler diagram, 2� 2 table,
and chips interventions significantly reduced semantic
coherence from 66% in the control group to 38% for the Euler
diagrams, 22% for the 2� 2 table, and 26% for the frequencies
intervention on independent sets problems, p< .05.

Figure 3 shows these data in graphical form. For each
problem type in each experimental condition, a pie graph
shows the complete set of response types. The figure presents
the proportion of inconsistent and semantically coherent
responses, with the latter being those that match the problem
type (left column). In addition, Figure 3 also shows the break-
down of responses that meet the minimal criteria of consis-
tency but fail to rise to the level of semantic coherence. For
example, Figure 3 shows that on problems depicting mutually
exclusive sets, relative to the control group, the 2� 2 table
intervention increased the proportion of responses fitting the
pattern for overlapping sets.

As can be seen in Table 1, in the control group, 66% of the
responses on problems depicting overlapping sets were
inconsistent. Of these, about 39% (26% of all response sets
for overlapping sets) were “conversion errors” where partici-
pants inappropriately estimated P(A|B) = P(B|A). The Euler
diagram and 2� 2 table interventions significantly reduced
the number of conversion errors on problems depicting over-
lapping sets, F(3, 96) = 5.78, p< .001. Dunnett’s Critical
Difference test shows that conversion errors were significantly
reduced by the Euler diagram and 2� 2 table interventions on
problems depicting overlapping sets, p< .05. There were no
conversion errors for Euler diagram intervention participants;
for the 2� 2 table condition, the mean was.02 (SD= .10),
and for the relative frequencies condition, the improvement
was not significant with a mean of .10 (SD= .29).

Turning to mutually exclusive sets, in the control group, we
found that about 32% of the response sets were internally
inconsistent. Of these, about 56% (20% of all response sets

Table 1. Mean semantic coherence and mean inconsistent responses per problem by problem type (SD in parentheses)

Problem type

Mean semantic coherence Mean inconsistent responses

Control Euler Table Chips Control Euler Table Chips

N= 25 N= 25 N = 25 N= 25 N= 25 N= 25 N= 25 N = 25

Identical sets .84 (.24) .86 (.31) .48 (.47) .84 (.27) .08 (.19) .04 (.20) .24 (.33) .04 (.14)
Mutually exclusive sets .66 (.35) .62 (.39) .22 (.38) .50 (.41) .32 (.35) .18 (.28) .36 (.31) .34 (.40)
Subsets .10 (.25) .36 (.37) .18 (.28) .26 (.33) .71 (.36) .36 (.40) .30 (.35) .38 (.44)
Overlapping sets .00 (.00) .40 (.38) .38 (.33) .24 (.26) .66 (.40) .32 (.32) .50 (.35) .38 (.33)
Independent sets .66 (.43) .38 (.42) .22 (.29) .26 (.36) .22 (.33) .22 (.36) .26 (.41) .32 (.38)
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for mutually exclusive sets) resulted from excessive overlap
errors where both conditional probabilities were estimated to
be 0, but the sum of the two mutually exclusive probability
estimates exceeded 1.0. All three interventions significantly
reduced these, F(3, 96) = 5.84, p< .001, with Dunnett’s Critical
Difference test significant for each of the three interventions,
p< .05. Both the Euler diagram and 2� 2 table interventions
significantly reduced excessive overlap errors to 0, and the chips
reduced it to a mean of .06 (SD= .22).

Discussion
As predicted by FTT, the results of these intensive interven-
tions were mixed. On the more difficult problems depicting
overlapping sets and subsets, the interventions reduced
inconsistency and increased semantic coherence. However,
on the easier problems depicting identical sets, mutually exclu-
sive sets, and independent sets, these same interventions
with the same participants had the paradoxical but predicted
effect of not helping and, in some cases, hurting performance.
Attention to irrelevant details appears to undermine the use of
simple and effective gist-based heuristics.

Particularly on problems depicting overlapping sets, a large
portion of participants provided evidence of conversion errors
(Wolfe, 1995) incorrectly estimating P(A|B) = P(B|A). On
mutually exclusive sets problems, we again found that a large
proportion of responses were excessive overlap errors. In this
experiment, the interventions reduced these kinds of errors.

FTT suggests that conversion errors are the result of denomina-
tor neglect (Reyna, 2004; Wolfe, 1995). Problems depicting
subsets and overlapping sets were harder than the other prob-
lem types. Finally, in this experiment, we also were able to rule
out rounding error as the locus of the effects, following Fisher
andWolfe (2011), by systematically loosening the criteria. We
found a comparable pattern of results even when we set the
rounding error to a lax �.05 (i.e., when the expected estimate
of P(B|A) was.75, responses ranging from .70 to .80 were
considered semantically coherent).

STUDY 2: CONJUNCTION FALLACIES AND
INTERNAL INCONSISTENCY

As previously noted, unlike joint probability estimation, when
estimating conditional probabilities, there are no first-order
fallacies. Values of P(A|B) can logically range from 0 to 1 as
long as 0< P(A)< 1. Thus, scrutinizing estimates of P(A),
P(B), P(A|B), and P(B|A) allows us to study fallacious reason-
ing in the form of internal inconsistency. However, the
relationship between widely recognized conjunction fallacies
on problems of joint probability estimation and internal consis-
tency in estimating conditional probabilities has not been
explored. This study tests the hypothesis that these two kinds
of fallacious reasoning are strongly related to one another.
Such a result might indicate that similar fallacious reasoning
processes are responsible for both kinds of errors (Reyna &
Mills, 2007a,b).

The materials used in this study describe the relationship
between the risk of a woman getting breast cancer and the
probability that she has a BRCA mutation. These problems
can be described as depicting a statistical causal relationship
(Crisp & Feeney, 2009). An example from the literature of a
statistical causal relationship is the relationship between
taxation and cigarette consumption (Crisp & Feeney, 2009)
with the general expectation being that an increase in taxes
should result in lower cigarette consumption. These problems
are mathematically consistent with overlapping sets. Materials
pertaining to breast cancer and genetic risk were used because,
in the current work, we are laying a foundation on basic
research for further applied research in this domain (Wolfe,
Hu, Reyna, and Fisher, 2011). For the same reason, all of the
participants in this study were women.

Methods
Participants
Participants were 82 female undergraduate students at Miami
University, who completed the study for credit in an introduc-
tory psychology course.

Materials
The probability estimation task was embedded within a larger
study for the development of materials about genetic risk of
breast cancer. The probability estimation task consisted of 12
scenarios describing fictitious women with different levels of
genetic risk for breast cancer (low, medium, and high),

Figure 3. Pie charts depicting the proportion of responses
corresponding to identical sets, mutually exclusive sets, subsets,
overlapping sets, independent sets, and inconsistent sets by problem
type and condition. Semantic coherence is the proportion of each
pie that corresponds to the relationship between sets for a given

problem
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developed following the Pedigree Assessment Tool (Hoskins,
Zwaagstra, & Ranz, 2006). Scenarios were presented in a
random order for each participant. Each description had a
name, age, ethnicity, hometown, family health facts, and
personal health facts. Scenarios were equated for age, had
between 56 and 60 words, had a range of Flesch Reading
Ease scores between 56.9 and 62.9, and had a range of
Flesch–Kincaid Grade Level scores between 7.3 and 7.9. For
each problem, participants provided probability estimates
in the following fixed order on the same screen: P(A), P(B),
P(A|B), P(B|A), P(A and B), and P(A or B). These probabilities
were formed from the following two components: Event A, the
probability that she will develop breast cancer in her lifetime,
and Event B, the probability that she has a harmful BRCA1
or BRCA2 mutation. Thus, in each problem, the semantic
relationship was one of overlapping sets. See Appendix A for
a sample scenario.

Procedure
After providing informed consent, participants were seated
individually at computers and completed the study in small
groups of one to six. The presentation of tasks and problems
within each task was randomized across participants. There
were interventions or between-subjects manipulations. Partici-
pants were thanked and debriefed upon completion.

Results
For each of the 12 scenarios, participants estimated P(A), P(B),
P(A and B), P(A or B), P(A|B), and P(B|A). These data were
categorized in two ways for each problem. First, we deter-
mined whether a participant committed a conjunction fallacy
by producing a higher estimate of P(A and B) than P(A). For
example, Participant 1 estimated the probability that a woman
named Rachel will develop breast cancer some time during her
lifetime as .20 and the probability that she will develop breast
cancer some time during her lifetime and have a BRCA genetic
mutation as .30. Similarly, Participant 3 estimated the probabil-
ity that Rachel will develop breast cancer some time during her
lifetime as .75 and the probability that she will develop breast
cancer some time during her lifetime and have a BRCA genetic
mutation as .85. Second, we determined whether participants
exhibited internal inconsistency in their conditional probability
estimates. We used the same procedure as Study 1 (see Fisher
&Wolfe, 2011) to assess the constellation of estimates of P(A),
P(B), P(A|B), and P(B|A).

For each problem, participants were assigned a 1 if they
exhibited a conjunction fallacy and a 0 if they did not commit
a conjunction fallacy. They were also assigned a 1 if the set of
estimates was internally inconsistent and a 0 if the responses
were consistent with Bayes’ theorem. Over 12 problems,
participants had an average of 5.84 (SD=3.36) conjunction
fallacies. Over the same 12 problems, participants had a
mean of 9.40 (SD=3.45) internally inconsistent sets of condi-
tional probability estimates. These results indicate that
both conjunction fallacies and other kinds of internal inconsis-
tency were pervasive.

We computed correlation coefficients to assess the
relationship between fallacious reasoning on joint probability
estimation problems and internal inconsistency on condi-
tional problems. Because both of these involve the same
estimates of P(A) and P(B), we adapted the following proce-
dure to ensure that the data being compared were separate
and unique. We divided the problems into two sets, with
six odd numbered problems and six even numbered pro-
blems with two each of low, medium, and high genetic risk
of breast cancer (however, recall that the order in which each
participant received the problems was random). For each
participant, we counted the number of conjunction fallacies
on even numbered problems and the number of internally
inconsistent sets for conditional probability estimates on the
odd problems. In this way, each set of estimates was
completely separate The number of conjunction errors on even
numbered joint probability problems was significantly
predicted by the number of inconsistent responses on odd
numbered conditional probability problems, R= .58, R2 = .34,
p< .0001. Stated in terms of simple regression, Even
Conjunction Fallacy =�.014+ .641�Odd Inconsistent,
F(1, 80) = 39.85, p< .0001. By way of replication, the number
of conjunction errors on odd numbered joint probability
problems was significantly predicted by the number of incon-
sistent responses on even numbered conditional probability
problems, R= .48, R2 = .23, p< .0001. Stated in terms of
simple regression, Odd Conjunction Fallacy = .906 + .438�
Even Inconsistent, F(1, 80) = 23.32, p< .0001. These results
suggest a strong association between the tendency to commit
logical fallacies on joint probability estimation problems
and the tendency to produce internally inconsistent sets of
conditional probability estimates.

Discussion
Conjunction fallacies and internal inconsistency in conditional
probability estimation are both pervasive and strongly corre-
lated with one another. This suggests that the same cognitive
processes underlie the estimation of both P(A and B) and
P(A|B). FTT predicts that denominator neglect is responsible
for each of these types of fallacious reasoning. In the present
study, there were no interventions to reduce denominator
neglect, and the rate of internal inconsistency, about 78% of
problems, was roughly comparable to the rate of 66% for
different problems depicting overlapping sets in the Study 1
control group. It should be noted that, unlike the famous Linda
feminist bank teller problem (Tversky & Kahneman, 1983),
these scenarios were not designed to “tempt intuitions” about
one probability without affecting the other. This high rate of
fallacious reasoning is unlikely to be an artifact of peculiar
problems.

GENERAL DISCUSSION

According to FTT, errors in estimating conditional probabili-
ties are a product of the suboptimal “strategy” of denominator
neglect, the tendency to compare numerators while neglecting
the relevant denominators (Reyna & Brainerd, 2008). On
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problems depicting overlapping sets and subsets, interventions
based on Euler diagrams increased semantic coherence and
decreased inconsistency. On problems depicting overlapping
sets, the intervention based on teaching the logic of the 2� 2
table increased semantic coherence, but the 2� 2 table inter-
vention did not reduce inconsistency on overlapping sets. With
respect to subsets, the 2� 2 table intervention was effective in
reducing inconsistency and otherwise ineffective. The inter-
vention using poker chips to represent relative frequencies
was effective in reducing inconsistency for problems depicting
subsets and overlapping sets, and increased semantic coher-
ence for problems depicting subsets. These results are consis-
tent with the argument that frequency formats reduce errors
by making class-inclusion relations transparent (Gigerenzer
& Hoffrage, 1995) but are neither necessary nor sufficient to
achieve these results, and are no more effective than other
strategies that affect class-inclusion reasoning (e.g., Barbey
& Sloman, 2007; Evans, Handley Perham, Over, &
Thompson, 2000; Reyna & Brainerd, 2008; Sloman, Over,
Slovak, & Stibel, 2003; Wolfe & Reyna, 2010b).

Participants were sensitive to the semantic content of the
problems, with problems depicting identical sets, mutually
exclusive sets, and independent sets yielding better perfor-
mance in terms of inconsistency and semantic coherence than
problems depicting subsets and overlapping sets (Wolfe &
Reyna, 2010b). The intensive processing interventions used
in Study 1 not only failed to improve performance on the easier
problems but actually degraded performance. Consistent with
FTT, in making conditional probability estimates, it is better
to sidestep the normatively appropriate (Bayesian) step of first
estimating P(A and B) by employing the gist understanding
that P(A|B) = 1.0 for identical sets, 0 for mutually exclusive
sets, and P(A) for independent sets. Thus, interventions that
focus on misleading details of conditional probability estima-
tion run the risk of detracting from this basic understanding.
These results are consistent with a growing body of literature,
suggesting that experts do more with less information (Adam
& Reyna, 2005; Reyna & Lloyd, 2006).

The general approach of assessing semantic coherence
and inconsistency by asking participants to estimate P(A),
P(B), P(A|B), and P(B|A) opens new avenues for researching
questions about rationality, judgment, and Bayesian infer-
ence (Wolfe & Reyna, 2010b). For example, one can inves-
tigate under which conditions participants might treat a
problem such as the famous Linda problem (Tversky &
Kahneman, 1983) as one of subsets (high confidence that
she is a feminist with the feminist bank tellers being the sub-
set), mutually exclusive sets (she is either a feminist or a
bank teller, but not both), or independent sets (the probability
that she is a bank teller or a feminist has no bearing on one
another). The same holds for practical problems of medical
decision making. However, an important caveat is that
translating materials from the logic of statistics to natural
language may introduce other sources of bias. For example,
although the pragmatics of the statement, “what is the prob-
ability that Linda is a feminist” are fairly clear, the pragmat-
ics of the statement, “what is the probability that Linda is a
feminist or works as a bank teller” may be less so. These
concerns are somewhat mitigated by presenting each

question in the same context on the same page but difficult
to eliminate completely.

In the case of internally consistent response patterns that
fail to achieve semantic coherence, it may sometimes be
difficult to distinguish between two possible causes for
semantic incoherence, incorrect representations, and inappro-
priate processing. For example, consider the case of a partic-
ipant who estimates the probability of a person having a
BRCA mutation and the probability that she has breast
cancer consistent with the pattern of subsets, that is, P(breast
cancer) = .12, P(BRCA+)= .01, P(breast cancer|BRCA+)=1.0,
and P(BRCA+|breast cancer) = .083. It may well be the
case that the participant holds the erroneous belief that
all BRCA mutations lead to breast cancer but that breast
cancer also results from other causes. However, it is also
possible that some participants producing this pattern of
estimates understand that women with BRCA mutations
and women with breast cancer are overlapping sets, yet pro-
duce conditional probability estimates that are inconsistent
with this correct belief because of processing errors. This
interpretation can be rendered somewhat less likely through
replicating with different problems of the same type. At a
practical level, these concerns can be addressed by interven-
tions that address both cognitive processing and cognitive
representation.

As with most things, one could take this approach too far.
For example, one could devise a task asking participants to
estimate P(A) through P(Z) and then make bold claims about
human irrationality when reporting that the conditional proba-
bilities of P(B) and P(Q) were inconsistent. However, such was
not the case in the current studies. Participants made only a
small number of estimates, all on the same page or screen, thus
mitigating against overloaded working memory as a simple
explanation.

In the current work, we have learned that people are quite
sensitive to the semantic content of problems in making
conditional probability estimates. These estimates are typically
internally inconsistent on problems depicting subsets and over-
lapping sets. Moreover, problems involving statistical causal
relationships (Crisp & Feeney, 2009) were no better than other
problems depicting overlapping sets, and these relationships
may actually undermine internal inconsistency when they
contradict the logic of set relations. We found that internal in-
consistency is strongly related to the more familiar conjunction
fallacy and that interventions that draw attention to the relevant
denominators improve performance on problems depicting
subsets and overlapping sets. However, these processing inter-
ventions have the perverse and predicted effect of undermining
performance on simpler problems that are more easily esti-
mated by drawing upon the gist, bottom-line understanding
of the relationship between two sets.

Fisher and Wolfe (2011) have published spreadsheet tools
that make it easy for researchers to assess internal inconsis-
tency fallacies and semantic coherence, and reduce a very large
pattern of responses to just a handful of meaningful patterns.
Such tools are available for both joint probability (Wolfe &
Reyna, 2010a) and conditional probability estimates (Fisher
& Wolfe, 2011). One noteworthy advancement using the
semantic coherence framework since the Wolfe and Reyna

Journal of Behavioral Decision Making

Copyright © 2012 John Wiley & Sons, Ltd. J. Behav. Dec. Making (2012)

DOI: 10.1002/bdm



(2010b) research on joint probabilities is the investigation
of conditional probability judgment on problems depicting
independent sets. As hypothesized, people are generally able
to develop a gist understanding that irrelevant information
can be ignored, but gist processing can be undermined when
people are instructed to process specific verbatim details
(Reyna & Mills, 2007a,b). Turning to joint probabilities,
independent sets are described as the product of P(A)� P(B)
and thus require more processing than conditional
probabilities.

The evidence clearly suggests that people capitalize on the
bottom-line meaning of problems to maximize performance
while minimizing processing — the very essence of gist
processing. Unfortunately, gist processing does not always
allow people to overcome interference from class-inclusion
confusions, as illustrated by conversion errors, excessive
overlap errors, and other errors in conditional probability esti-
mation (especially when class-inclusion relations are more
complicated). Gist representations and such class-inclusion
interference are distinct causal factors (Reyna & Brainerd,
2008). Not tied to any particular theory, semantic coherence
analysis is perhaps best viewed as an objective method for
assessing the psychological processes underlying conditional
probability judgment.
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APPENDIX A :
SAMPLE SCENARIO ON BREAST CANCER AND

GENETIC RISK

Rachel is a 47-year-old Chicago woman. Her parents came to
this country from Eastern Europe and her family background
is Ashkenazi Jewish. She has two cousins on her mother’s
side who have breast cancer. Her cousin Joanne was diag-
nosed with breast cancer at age 56 years, and Elaine at age
61 years. Rachel has generally been healthy.

(a) What is the probability that she will develop breast
cancer some time in her lifetime (0–100%)?

(b) What is the probability that she has a genetic mutation
in the BRCA1 or BRCA2 gene indicating genetic risk for
breast cancer risk (0–100%)?

(c) If a genetic test showed that she has a genetic mutation
in the BRCA1 or BRCA2 gene indicating genetic risk for
breast cancer risk, what would be the probability that she
would develop breast cancer some time in her lifetime
(0%–100%)?

(d) If she developed breast cancer and then underwent
genetic testing, what is the probability that the tests would

be positive, showing that she has a genetic mutation in the
BRCA1 or BRCA2 gene indicating genetic risk for breast
cancer risk (0–100%)?

(e) What is the probability that she has a genetic mutation
in the BRCA1 or BRCA2 gene indicating genetic risk for
breast cancer risk and that she will develop breast cancer
some time in her lifetime (0–100%)?

(f) What is the probability that she has a genetic mutation
in the BRCA1 or BRCA2 gene indicating genetic risk for
breast cancer risk or that she will develop breast cancer some
time in her lifetime (0–100%)?
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